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Abstract
Let X be a Hausdorff space, and let F(X) be the set of all non-empty closed subsets of X. We say
that a point p ∈ X is selection maximal if there exists a Vietoris continuous selection f :F(X) → X
such that p ∈ S ∈F(X) implies f (S) = p, and we say that X is a selection pointwise-maximal space
if any point of X is selection maximal. The paper contains several characterizations of selection
pointwise-maximal spaces which provide natural explanations about the genesis of selection maximal
points.
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1. Introduction
Let X be a topological space, and let F(X) be the set of all non-empty closed subsets
of X. A map f :F(X) → X is a selection for F(X) if f (S) ∈ S for every S ∈ F(X).
A selection f :F(X) → X is continuous if it is continuous with respect to the Vietoris
topology τV on F(X). Let us recall that τV is generated by all collections of the form
〈V〉 =
{
S ∈F(X): S ⊂
⋃
V and S ∩ V = ∅, whenever V ∈ V
}
,
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where V runs over the finite families of open subsets of X. Sometimes, for reasons of
convenience, we will also say that f is a Vietoris continuous selection for F(X) to stress
the fact that f is continuous with respect to the topology τV .
In the sequel, all spaces are at least Hausdorff. In this paper, we are interested of
continuous selections for F(X) with some extreme properties related to the points of X.
To this end, let us agree to say that a point p ∈ X is selection maximal if there exists a
continuous selection f for F(X) such that p ∈ S ∈F(X) implies f (S) = p. A selection f
with this property was called p-maximal [5] (see, also, [8]). Now, we shall say that a space
X is selection pointwise-maximal if any point of X is selection maximal.
In the present paper, we provide several characterizations of selection pointwise-
maximal spaces. First of all, we characterize the first countability of such spaces by the help
of a cardinal invariant sa(p,X), which has the meaning of an “approaching number” of X
in p. Namely, for a non-isolated point p of X, sa(p,X) will denote the minimal cardinal
κ such that there exists S ⊂ X \ {p}, with |S|  κ and p ∈ S, see [5]. Whenever p is an
isolated point of X, we merely set sa(p,X) = 0, while sa(X) = sup{s(p,X): p ∈ X}. The
cardinal number sa(X) might be compared with the tightness t (X) of X. Let us recall that
t (X) is the minimal cardinal κ such that for every point p ∈ X, if p ∈ A for some A ⊂ X,
then there exists S ⊂ A, with |S|  κ and p ∈ S. In fact, we always have sa(X)  t (X)
but the converse is not true. For instance, Arhangel’skii [1] has constructed normal spaces
X and Y , with t (X) = t (Y ) = ω and t (X × Y ) > ω. However, it is easy to observe that
always sa(X × Y )max{sa(X), sa(Y )}. Let us also mention that sa(X) ω provided X
is locally separable.
Now, we let ψ(p,X) to be the pseudocharacter of a space X in a point p ∈ X, i.e.,
ψ(p,X) is the smallest cardinal κ such that there exists a family U of open subsets of X,
with |U | κ and {p} =⋂U . Also, we let ψ(X) = sup{ψ(p,X): p ∈ X}. The following
generalization of [8, Theorem 1.4] will be obtained in the next section.
Theorem 1.1. For a space X which has a continuous selection for F(X), the following
conditions are equivalent:
(a) X is a selection pointwise-maximal space and sa(X) ω.
(b) X is a selection pointwise-maximal space and ψ(X) ω.
(c) X is zero-dimensional and first countable.
In the second place, we replace the cardinal functions of Theorem 1.1 by cut points (see
Theorem 3.1), thus we give a pure topological characterization of the zero-dimensional
first countable spaces which have a Vietoris continuous selection.
Finally, but not at the last place, combining these results we provide a natural
characterization of the selection pointwise-maximal spaces. Namely, let us agree that a
subset U of a space X is open modulo a Gδ-point if there exists z ∈ U such that {z} is a
Gδ-set in U and U \ {z} is open. The following theorem will be proven in Section 4.
Theorem 1.2. For a space X which has a continuous selection for F(X), the following
conditions are equivalent:
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(a) X is a selection pointwise-maximal space.
(b) For any point p ∈ X there exists a regular cardinal γ and a continuous closed
surjection h :X → [0, γ ] onto the ordinal space [0, γ ] such that {p} = h−1(γ ) and
h−1(λ) is open modulo a Gδ-point provided λ < γ is a limit ordinal.
Other related results and consequences are provided as well, see Section 5.
2. Proof of Theorem 1.1
The implication (c)⇒(a) was actually proven in [8, Theorem 1.4], while (a)⇒(b)
follows by [5, Theorem 4.1]. As for the implication (b)⇒(c), by [8, Theorem 1.4], it
follows from the following generalization of [5, Theorem 3.5].
Theorem 2.1. Let X be a space, and let p ∈ X be a selection maximal point, with
ψ(p,X) ω. Then, X is first countable at p.
Proof. Suppose that p is a non-isolated point of X, and let f be a p-maximal continuous
selection for F(X). Since ψ(p,X)  ω, there exists a decreasing sequence {Un: n < ω}
of open neighbourhoods of p such that
{p} =
⋂
{Un: n < ω}. (1)
Set Fn = X \Un, n < ω. Next, for every n < ω, define a set
Vn =
{
x ∈ Un: f
(
Fn ∪ {x}
)= x}. (2)
Then, Vn is an open neighbourhood of p because f is p-maximal and continuous. Indeed,
p ∈ Vn because f is p-maximal. Take a point x ∈ Vn. Since f (Fn ∪ {x}) = x ∈ Un and f
is continuous, there exists a finite familyW of open subsets of X such that Fn ∪{x} ∈ 〈W〉
and f (〈W〉) ⊂ Un. Let Wx =⋂{W ∩ Un: x ∈ W ∈W}. Then, Fn ∪ {z} ∈ 〈W〉 for every
z ∈ Wx , and hence f (Fn ∪ {z}) ∈ Un = X \Fn, so f (Fn ∪ {z}) = z. That is, Wx ⊂ Vn.
Now, we show that the family {Vn: n < ω} so obtained is a base at p. Suppose that this
fails. Hence, there is a neighbourhood V of p such that Vn \V = ∅, for every n < ω. The
sequence {Fn: n < ω} is increasing and, by (1), X \ {p} = ⋃{Fn: n < ω}. Therefore,
there exists a strictly increasing sequence {nk: k < ω} ⊂ ω, and a sequence of points
{yk: k < ω} ⊂ X such that
yk ∈ (Vnk ∩ Fnk+1)\V, for every k < ω. (3)
Note that the sequence {Fnk : k < ω} is also increasing and
⋃{Fnk : k < ω} = X \ {p}.
Therefore, it is τV -convergent to X because p is a non-isolated point of X. Then, by (3),
the sequence {Fnk ∪ {yk}: k < ω} is τV -convergent to X as well, while, by (2) and (3), we
have f (Fnk ∪ {yk}) = yk for every k < ω. Hence, we finally get that
lim
k→∞yk = limk→∞f
(
Fnk ∪ {yk}
)= f (⋃{Fnk : k < ω}
)
= f (X) = p.
However, this is impossible because, by (3), it will imply that p /∈ V , while V was a
neighbourhood of p. 
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3. First countability and cut pointsLet us recall that a point p ∈ X of a connected space is a cut point of X if X \ {p} =
U ∪V , where the sets U and V are open, disjoint and non-empty, see [4]. Note that, in this
case, U ∩ V = {p}.
In this paper, we consider cut points for arbitrary spaces. Namely, let X be a space and
p ∈ X. We shall say that p is a cut point of X if X \ {p} = U ∪ V , where U and V are
disjoint subsets of X such that U ∩V = {p}. Note that both U and V must be open because
U = X \ V and V = X \ U . Finally, a point p ∈ X which is not a cut point of X will be
called a noncut point.
A concept similar to a cut point plays an important role for the first countability of
spaces X which have Vietoris continuous selections for F(X), see [6,7]. In this section,
we provide a further result in this direction replacing the cardinal functions of Theorem 1.1
by cut points.
Theorem 3.1. For a space X, with a continuous selection for F(X) and a cut point p ∈ X,
the following conditions are equivalent:
(a) X is zero-dimensional and first countable at p.
(b) p is a selection maximal point.
Proof. The implication (a)⇒(b) was shown in the proof of [8, Theorem 1.4]. So, we
prove only that (b)⇒(a). First, let us show that X is totally disconnected at p, i.e., that
{p} =⋂{C: p ∈ Cand C is clopen}. Towards this end, let f be a continuous p-maximal
selection for F(X). Also, let U,V ⊂ X be disjoint open sets such that U ∪ V = X \ {p}
and U ∩ V = {p}. Next, suppose that there exists a connected closed set B ⊂ X such that
|B| 2 and p ∈ B . Then, there also exists a connected closed set A ⊂ X such that |A| 2,
p ∈ A, and either A ⊂ U or A ⊂ V . Indeed, if B ∩U = ∅ or B ∩ V = ∅, then we may take
A = B . Suppose that U ∩ B = ∅ = B ∩ V . Then, A = U ∩ B must be a connected subset
of X. Indeed, suppose that A is not connected. Then, we may find a clopen subset C of A
such that p ∈ C and A \C = ∅. Then, W = C ∪ (V ∩B) must be a clopen subset of B such
that p ∈ W and B \ W = ∅. Namely, since C is open in A, there will be an open subset G
of B such that G∩U = C. Then, W is open in B because W = (U ∩B)∪G∪ (V ∩B), and
it is closed in B because W = C ∪ (V ∩ B). Thus, W is clopen in B which is impossible
because B is connected. So, A is connected.
Hence, we may suppose that there exists a closed connected set A ⊂ X such that |A| 2
and p ∈ A ⊂ U . Next, consider the order-like relation  on X generated by f that is
defined by x  y if and only if f ({x, y}) = x , see [9]. According to [9], “” is transitive
on A because A is connected, and clearly p = min A. Take a point x ∈ X\A. Then, by [8,
Lemma 3.3], either x ≺ a for every a ∈ A, or a ≺ x for every a ∈ A. Since f is p-maximal,
we have that p = min X which finally implies that a ≺ x for every a ∈ A. However, this
is impossible. Namely, take a point a ∈ A \ {p}. Since f is continuous, f ({a,p}) = p and
V ∩A = {p}, we can find a point y ∈ V with f ({a, y}) = y which is a contradiction.
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Thus, according to [8, Theorem 4.1], we really have that X is totally disconnected at p.
Then, repeating precisely the arguments in the proof of [8, Theorem 1.4], we get that X is
zero-dimensional at p.
To show finally that X is first countable at p, by Theorem 2.1 and [5, Theorem 4.1], it
suffices to show that sa(p,X) ω. Take a non-empty closed set F0, with p /∈ F0, and, as
in Theorem 2.1, set W0 = {x ∈ X \ F0: f (F0 ∪ {x}) = x}. Then, W0 ⊂ X is an open set
because f is continuous, and p ∈ W0 because f is p-maximal. Take a point x0 ∈ W0 ∩U ,
and set F1 = (X \ W0) ∪ {x0}. Next, repeat the same procedure but now with F1 and V .
Thus, by induction, we get an increasing sequence {Fn ⊂ X \ {p}: n < ω} ⊂ F(X) and a
sequence of points {xn ∈ Fn+1 \Fn: n < ω} such that
x2n ∈ U, x2n+1 ∈ V, and f
(
Fn ∪ {xn}
)= xn, for every n < ω. (4)
Then, the sequence {Fn ∪ {xn}} is τV -convergent to F = ⋃{Fn ∪ {xn}: n < ω} =⋃{Fn: n < ω}, so, by (4), f (F ) = limn→∞ f (Fn ∪ {xn}) = limn→∞ xn. Hence, {xn} is
a sequence convergent to f (F ). Therefore, by (4), we have f (F ) ∈ U ∩ V = {p}. So,
p ∈ {xn: n < ω} which implies that sa(p,X) ω. 
In fact, the counterpart of Theorem 3.1 holds as well.
Corollary 3.2. Let X be a space, and let p ∈ X be a non-isolated selection maximal point.
Then, the following conditions are equivalent:
(a) X is first countable and zero-dimensional at p.
(b) p is a cut point.
Proof. Since (b)⇒(a) is a consequence of Theorem 3.1, we show only that (a)⇒(b). So,
suppose that X is as in (a). Then, take a decreasing clopen base {Wn: n < ω} at p such that
W0 = X and Wn \ Wn+1 = ∅ for every n < ω. Next, define U =⋃{W2n \ W2n+1: n < ω}
and V = {W2n+1 \W2n+2: n < ω}. Thus, we get disjoint open set such that U ∪V = X\{p}
and U ∩ V = {p}. Hence, p is a cut point. 
4. Proof of Theorem 1.2
A family U of subsets of X is nested if U ⊂ V or V ⊂ U for every U,V ⊂ U . A space
X is orderable in a point p ∈ X, or p-orderable, [5] if X has an open nested base at p.
Observe that X has an open nested base at p if and only if it has an open base at p which
is well-ordered with respect to the reverse set-theoretical inclusion.
In this paper we regard a stronger property than p-orderability. Namely, we shall say X
is well orderable in a point p ∈ X, or well p-orderable, if there exists a regular cardinal γ
and a local base {Wα : α < γ } of closed neighbourhoods of p such that, for every α < γ ,
(4.1) Wβ Wα for every β , with α < β < γ ;
(4.2) If α is a successor ordinal, then Wα is open;
(4.3) If α is a limit ordinal, then Wα =⋂{Wβ : β < α}, and it is open modulo a Gδ-point;
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(4.4) If F ∈ F(X) and α is a limit ordinal such that F ∩ Wβ = ∅ for every β < α, then
F ∩Wα = ∅.
In the sequel, a base {Wα : α < γ } with the above properties will be called a γ -base
at p. First of all, let us observe the following property of γ -bases.
Proposition 4.1. Let {Wα: α < γ } be a γ -base at a point p in a space X, λ < γ be a limit
ordinal, and let zλ be such that Wλ \ {zλ} is open. Then, {zλ} = (X \Wλ) ∩ Wλ and, in
particular, zλ /∈ U for every U ⊂ Wλ which is open in X.
Proof. By (4.1) and (4.4), X \ Wλ is not closed in X, so (X \ Wλ) ∩ Wλ = ∅. On the
other hand, by hypothesis, X \Wλ ⊂ X \ (Wλ \ {zλ}). Hence, {zλ} = (X \ Wλ)∩Wλ which
completes the proof. 
Concerning selections, the genesis of γ -bases is related to the following construction
which was already used in the proof of Theorem 2.1.
Lemma 4.2. Let X be a space, f be a continuous selection for F(X), λ be a limit ordinal,
and let {Wα+1: α < λ} be a decreasing family of clopen subsets of X such that, for every
α < λ,
(i) Wα+1 \Wα+2 = ∅,
(ii) f ((X \Wα+1) ∪ {x}) = x , for every x ∈ Wα+2.
Set Wλ =⋂{Wα+1: α < λ} and Fλ = X \ Wλ. Then, {f (Fλ)} = Fλ ∩Wλ , while the family
{Fλ ∩ Wα+1: α < λ} is a local base at f (Fλ) in Fλ.
Proof. First, let us show that {f (Fλ)} = Fλ ∩ Wλ. To this end, for every α < λ, set
Fα+1 = X \ Wα+1. Thus, we get an increasing clopen net {Fα+1: α < λ}. Next, by (i),
for every α < λ take a point xα ∈ Wα+1 \ Wα+2. Then, {Fα+1 ∪ {xα+1}: α < λ} is an
increasing closed net such that Fλ =⋃{Fα+1 ∪ {xα+1}: α < λ}. On the other hand, by (ii),
we now have that f (Fα+1 ∪ {xα+1}) = xα+1 for every α < λ. Hence,
lim
α<λ
xα+1 = lim
α<λ
f
(
Fα+1 ∪ {xα+1}
)= f (⋃{Fα+1 ∪ {xα+1}: α < λ}
)
= f (Fλ).
In particular, this implies that f (Fλ) /∈⋃{Fα+1: α < λ}. Namely, f (Fλ) ∈ Fα+1 for some
α < λ will imply the existence of β , with α < β < λ, such that
xβ+1 ∈ Fα+1 ∩ Wβ+2 ⊂ X \Wα+1 ⊂ X \Wβ+2.
Clearly, this is impossible, so f (Fλ) ∈ Fλ ∩ Wλ. This finally implies that Fλ ∩ Wλ is a
singleton. Namely, take a point q ∈ Fλ ∩ Wλ. Then, q ∈⋂{Wα+1: α < λ} and, therefore,
by (ii), f (Fα+1 ∪ {q}) = q for every α < λ. Hence
q = lim
α<λ
f
(
Fα+1 ∪ {q}
)= f (⋃{Fα+1 ∪ {q}: α < λ}
)
= f (Fλ).
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Finally, let us show that the family Uα+1 = Fλ ∩Wα+1, α < λ, is a local base at f (Fλ)
in Fλ. Suppose that this fails. Then, there should exist an open (in Fλ) neighbourhood
S ⊂ Fλ of f (Fλ) such that Uα+1 \ S = ∅ for every α < λ. Hence, for every α < λ, we
may choose a point xα+1 ∈ Uα+2 \ S ⊂ Wα+2. Thus, we get a net of points {xα+1: α < λ}
such that, by (ii), f (Fα+1 ∪ {xα+1}) = xα+1, α < λ. Since Fα+1 ∪ {xα+1} ⊂ Fβ+1 for
some β < λ, we now have that {Fα+1 ∪ {xα+1}: α < λ} is τV -convergent to Fλ. Hence,
f (Fλ) = limα<λ f (Fα+1 ∪ {xα+1}) = limα<λ xα+1 /∈ S, which is impossible. 
We complete the preparation for the proof of Theorem 1.2 providing the following result
which may have an independent interest.
Theorem 4.3. If X is a selection pointwise-maximal space, p ∈ X is a non-isolated point,
γ = ψ(p,X), and f is a continuous p-maximal selection for F(X), then X has a γ -base
{Wα : α < γ } at p such that f ((X \Wα) ∪ {x}) = x for every x ∈ Wα+1 and α < γ .
Proof. According to the proof of [8, Theorem 1.4], X is zero-dimensional. Hence, {p} =⋂{Vα+1: α < γ } for some family {Vα+1: α < γ } of clopen neighbourhoods of p. Set
W0 = X. Next, whenever 0 < α < γ , we will define a closed neighbourhood Wα of p such
that {Wα : α < γ } is a γ -base at p. Our construction will be naturally restricted on the
following two additional conditions that, for every α < γ ,
Wα+1 ⊂ Vα+1, (5)
and
f
((
X \ Wα
)∪ {x} )= x, for every x ∈ Wα+1. (6)
Suppose that this is done for every α < λ, where λ < γ . We distinguish the following two
cases:
(a) λ = α + 1. In this case, take a clopen neighbourhood Oα+1 of p such that Oα+1 
Vα+1 ∩ Wα , and then set Wα+1 = {x ∈ Oα+1: f ((X \Wα) ∪ {x}) = x}. Then, Wα+1 is a
clopen neighbourhood of p because so is Oα+1, and because f is a continuous p-maximal
selection. Thus, (4.1), (4.2), (5) and (6) hold.
(b) λ is limit. Following (4.3), we merely set Wλ =⋂{Wα : α < λ}. To show that Wλ
is as required, we should spend a little bit more efforts. Namely, in this case γ = ψ(p,X)
is an uncountable regular cardinal, so X is not first countable at p. Keeping this in mind,
let Fλ = X \Wλ. Note that, by (4.1), (4.2), (6) and Lemma 4.2, {f (Fλ)} = Fλ ∩Wλ. Thus,
to show that Wλ is a neighbourhood of p, it remains to show that p = f (Fλ). In fact, we
will show this demonstrating also that Wλ is first countable at q = f (Fλ). Namely, if q is
an isolated point of Wλ, then we can find an open set Q ⊂ X, with Q ∩ Wλ = {q}. Hence,
Fλ = (X \Wλ)∪Q will become a clopen neighbourhood of q because Fλ = X \Wλ ∪{q}.
Then, by Lemma 4.2, Uα+1 = Fλ ∩ Wα+1, α < λ, will be a clopen base at q in X and, in
particular, p = q because λ < γ = ψ(p,X). Suppose now that q is a non-isolated point
of Wλ. Then, q must be a cut point for X because U = X \Wλ and V = Wλ \ {q} = X \Fλ
are disjoint open sets such that U ∪V = X \ {q} and U ∩V = {q}. Hence, by Theorem 3.1,
X must be first countable at q and, in particular, again p = q . Thus, always p /∈ Fλ ∩ Wλ,
while {q} = Fλ ∩ Wλ is a Gδ-set in Wλ, so (4.3) holds.
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To accomplish our induction, let us finally show that (4.4) holds as well. Suppose that
there exists an F ∈ F(X) such that F ∩ Wα = ∅ for every α < λ but F ∩ Wλ = ∅. Then,
F ⊂ Fλ and, by Lemma 4.2, Uα+1 = Fλ ∩ Wα+1, α < λ, is a local base at q in Fλ, where
q ∈ Wλ ∩ Fλ. On the other hand, by assumption, Uα+1 ∩ F = ∅ for every α < λ. Hence,
q ∈ F = F and therefore F ∩ Wλ = ∅. That is, our assumption was wrong which finally
demonstrates (4.4). This, in fact, completes the construction.
To finish the proof, it remains to show that {Wα : α < γ } is a local base at p. Note
that, by (5), p ∈ Wγ = ⋂{Wα+1: α < γ } ⊂ ⋂{Vα+1: α < γ } = {p}. Hence, by (4.1),
(4.2) and (6), this is an immediate consequence of Lemma 4.2 because Fγ = X \ Wγ =
X \ {p} = X. 
We are now ready to prove the following theorem which, in particular, provides the
statement of Theorem 1.2.
Theorem 4.4. For a space X which has a continuous selection for F(X), the following
conditions are equivalent:
(a) X is a selection pointwise-maximal space.
(b) X is well p-orderable for any point p ∈ X.
(c) Whenever p ∈ X, there exists a regular cardinal γ and a continuous closed surjection
h :X → [0, γ ] such that {p} = h−1(γ ) and h−1(λ) is open modulo a Gδ-point for
every limit ordinal λ < γ .
Proof. The implication (a)⇒(b) follows by Theorem 4.3.
(b)⇒(c) We consider the non-trivial case when γ  ω. So, let p ∈ X, and let {Wα : α <
γ } be a γ -base at p, for some regular cardinal γ  ω, such that W0 = X. Set Sγ = {p},
and Sα = Wα \Wα+1, α < γ . In this way, by (4.1) and (4.2), we get a closed disjoint cover
{Sα : α  γ } ⊂F(X) of X. So, we may define a surjective map h :X → [0, γ ] by h(x) = α
provided x ∈ Sα . To show that h is continuous, take a λ γ . In case λ = α+1, we have that
h−1({λ}) = Sλ = Wα+1 \Wα+2 which is open, by (4.2). In case λ is a limit ordinal, take an
α < λ. Then, h−1([α+1, λ]) = Wα+1 \Wλ+1 provided λ < γ and h−1([α+1, λ]) = Wα+1
otherwise. Hence, again, by (4.2), it is an open subset of X, so h is continuous.
The map h is closed as well. Indeed, take a T ∈F(X), and let λ γ be a limit ordinal
such that {α < λ: T ∩ Sα = ∅} is cofinal in λ. If λ = γ , then p ∈ T because {Wα : α < γ }
is a local base at p, so λ ∈ h(T ). If λ < γ , let F = T \ Wλ+1. Then, by (4.2), F is
a closed subset of X such that, by hypothesis, F ∩ Wα = ∅ for every α < λ. Hence,
by (4.4), F ∩ Wλ = ∅ which implies that F ∩ Sλ = ∅ because F ∩ Wλ+1 = ∅. Therefore,
λ ∈ h(F ) ⊂ h(T ). That is, h is closed.
Finally, by Proposition 4.1, h−1(λ) is open modulo a Gδ-point provided λ < γ is a limit
ordinal. So, h is as required in (c).
(c)⇒(a) Let p ∈ X be a non-isolated point, and let h :X → [0, γ ] be as in (c). Then,
by condition, for every limit ordinal λ < γ there exists a point zλ ∈ h−1(λ) such that
{zλ} is a Gδ-set in h−1(λ) and h−1(λ) \ {zλ} is open. Therefore, there exists a countable
family Lλ ⊂F(X) such that h−1(λ) \ {zλ} =⋃Lλ. On the other hand, relying once again
on (c), for every limit ordinal λ < γ we can find a regular cardinal γλ and a continuous
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closed surjection hλ :X → [0, γλ] such that h−1(γλ) = {zλ}. Hence, in particular, for everyλ
L ∈ Lλ we can find an αL < γλ such that L ⊂ h−1λ ([0, αL]). Then, Dλ = {h−1λ ([0, αL]) ∩
h−1(λ): L ∈ Lλ} will be an increasing family of clopen subsets of X, with h−1(λ)\ {zλ} =⋃Dλ. Therefore, we may assume that Dλ = {D(λ,n): n < ω}, where D(λ,n) ⊂ D(λ,n+1)
for every n < ω. Next, we set S(λ,ω) = {zλ}, and S(λ,n) = D(λ,n+1) \ D(λ,n) for every
n < ω. Finally, for convenience, we also set S(γ,ω) = {p}, S(γ,n) = ∅ for every n < ω,
and Sα = h−1(α) for every α  γ . Note that Sλ =⋃{S(λ,n): n ω} for every limit ordinal
λ γ .
Now, for every F ∈F(X) we define
µ(F) = max{α  γ : F ∩ Sα = ∅} = max
{
α  γ : α ∈ h(F )}.
Note that µ(F) is correctly defined because h is closed. Also, for every limit ordinal λ γ
and F ∈F(X), with µ(F) = λ, we let
m(F,λ) = min{n ω: F ∩ S(λ,n) = ∅}.
Finally, take a continuous selection f for F(X), and then define a selection g for F(X) by
letting for F ∈F(X) that
g(F ) =
{
f (F ∩ S(µ(F ),m(F,µ(F )))) if µ(F) is a limit ordinal,
f (F ∩ Sµ(F )) otherwise.
Note that g is p-maximal. Indeed, p ∈ F ∈F(X) will imply that µ(F) = γ and m(F,γ ) =
ω, so F ∩ S(µ(F ),m(F,µ(F ))) = F ∩ S(γ,ω) = F ∩ {p} = {p}, and therefore g(F ) =
f ({p}) = p. Thus, it remains to show that g is τV -continuous. To this end, take an
F ∈F(X), and an open neighbourhood U of g(F ). We consider the following cases:
If µ(F) is a successor ordinal, then Sµ(F ) = h−1(µ(F )) is a clopen subset of X.
Therefore, we can find a basic τV -neighbourhood 〈V0〉 of F ∩ Sµ(F ), with ⋃V0 ⊂ Sµ(F )
and f (〈V0〉) ⊂ U . Set V = V0 if F ⊂ Sµ(F ), and V = {h−1([0,µ(F )))} ∪ V0 otherwise.
Thus, we get a τV -neighbourhood 〈V〉 of F such that T ∈ 〈V〉 implies h(T ) ⊂ [0,µ(F )]
and T ∩ Sµ(F ) ∈ 〈V0〉. So, µ(T ) = µ(F) and therefore g(T ) = f (T ∩ Sµ(F )) ∈ U .
Suppose now that λ = µ(F) is a limit ordinal. In this case, we distinguish the
following two possibilities: If {zλ} = F ∩ Sλ, then m(F,λ) = ω, and therefore, by
definition, zλ = f ({zλ}) = f (F ∩ S(λ,ω)) = g(F ) ∈ U . Since Zλ = h−1([0, λ)) ∪ {zλ}
is closed in X, so is Mλ = Zλ \ U . Then, by hypothesis, h(Mλ) will be closed in
[0, λ], while h(Mλ) ⊂ [0, λ) because λ /∈ h(Mλ). Therefore, there exists an α < λ,
with h(Mλ) ∩ (α,λ] = ∅. In particular, this implies that h−1(β) ⊂ U for every β , with
α < β < λ, so F ∩ h−1((α,λ]) ⊂ U . In this case, we may set V = {U ∩ h−1((α,λ])} if
F ⊂ U ∩ h−1((α,λ]), and V = {h−1([0, α])}∪{U ∩ h−1((α,λ])} otherwise. Then, T ∈ 〈V〉
will imply that T ⊂ h−1([0, λ]) and ∅ = T ∩ h−1((α,λ]) ⊂ U . This finally implies that
α < µ(T ) λ and T ∩ Sµ(T ) ⊂ U . However, by the definition of g, we always have that
g(T ) ∈ T ∩ Sµ(T ), so g(T ) ∈ U .
If {zλ} = F ∩ Sλ, then (Sλ \ {zλ}) ∩ F = ∅, and therefore, m(F,λ) < ω. Since
S(λ,m(F,λ)) is a clopen set in X, we may now find a basic τV -neighbourhood 〈V0〉 of
F ∩ S(λ,m(F,λ)) such that ⋃V0 ⊂ S(λ,m(F,λ)) and f (〈V0〉) ⊂ U . Then, just like before,
set V = V0 if F ⊂ S(λ,m(F,λ)), and V = {h−1([0, λ]) \ D(λ,m(F,λ)+1)} ∪ V0 otherwise.
Thus, we get a τV -neighbourhood 〈V〉 of F such that T ∈ 〈V〉 implies h(T ) ⊂ [0, λ],
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T ∩ D(λ,m(F,λ)) = ∅, and T ∩ S(λ,m(F,λ)) = ∅, so µ(T ) = λ and m(T ,λ) = m(F,λ). On
the other hand, by the definition of V , T ∩ S(λ,m(F,λ)) ∈ 〈V0〉. That is, we finally get that
g(T ) = f (T ∩ S(λ,m(T ,λ))) = f (T ∩ S(λ,m(F,λ))) ∈ U , which completes the proof. 
5. Some possible applications
Let χ(p,X) denote the character of a point p in a space X, i.e., the smallest cardinal κ
such that there exists an open base B(p) at p, with |B(p)| κ . Note that, by Theorems 2.1
and 4.3 and [5, Theorem 4.1], we have that sa(p,X) = ψ(p,X) = χ(p,X) for every non-
isolated point p ∈ X, provided X is a selection pointwise-maximal space. In fact, we have
the following further result in terms of homeomorphic copies of compact ordinal spaces.
Theorem 5.1. For a selection pointwise-maximal space X, non-isolated point p ∈ X, and
a regular cardinal γ , the following conditions are equivalent:
(a) χ(p,X) = γ .
(b) X contains a copy Z = {zα: α  γ } of the ordinal space [0, γ ] such that zγ = p and
χ(zλ,X) λ for every limit ordinal λ < γ .
(c) X contains a copy Z = {zα: α  γ } of the ordinal space [0, γ ] such that zγ = p.
Proof. To show that (a)⇒(b), let χ(p,X) = γ  ω, and let f be a continuous p-maximal
selection forF(X). Then, by Theorem 4.3, the point p has a γ -base {Wα : α < γ } such that
f ((X \ Wα) ∪ {x}) = x for every x ∈ Wα+1 and α < γ . Let, for convenience, Wγ = {p}.
Now, for every α  γ , we set Fα = X \Wα . Next, by (4.1), for every α  γ , take a point
zα ∈ X such that zα ∈ Wα+1 \Wα+2 if α is a successor ordinal, and zα = f (Fα) otherwise.
Let us show that Z = {zα : α  γ } is as required. In fact, we have that zα ∈ Wα \Wα+1 for
every limit ordinal α < γ . Namely, in this case, by Lemma 4.2, {zα} = {f (Fα)} = Fα ∩Wα .
So, Wα \ {zα} will be open and, by Proposition 4.1, zα /∈ Wα+1. As a result, g(zα) = α,
α  γ , defines a bijective map g :Z → [0, γ ]. Now, from one hand, zα is an isolated point
of Z provided α < γ is a successor ordinal because, by (4.2), Wα+1 \ Wα+2 is clopen
in X and, by construction, {zα} = Z ∩ (Wα+1 \ Wα+2). On the other hand, if λ  γ is a
limit ordinal, then, by (4.1), {Fα ∪ {zα}: α < λ} is an increasing net such that, by (4.3),
Fλ =⋃{Fα : α < λ} =⋃{Fα ∪ {zα}: α < λ}, while, by construction, f (Fα ∪ {zα}) = zα
for every α < λ. Hence, in this case, we get that
zλ = f (Fλ) = f
(⋃{
Fα ∪ {zα}: α < λ
})= lim
α<λ
f
(
Fα ∪ {zα}
)= lim
α<λ
zα.
That is, Z is a homeomorphic copy of [0, γ ].
We complete this implication showing that χ(zλ,X)  λ provided λ < γ is a limit
ordinal. Indeed, according to Lemma 4.2, we have that {zλ} = Fλ ∩ Wλ. We consider the
following two possibilities. If zλ is a non-isolated point of Wλ, then Uλ = X \ Wλ and
Vλ = Wλ \ {zλ} = Wλ \ Fλ are disjoint open subsets of X, with Uλ ∪ Vλ = X \ {zλ} and
Uλ ∩ Vλ = {zλ}. Hence, zλ is a cut point, and, by Theorem 3.1, X is first countable in zλ,
so ω = χ(zλ,X)  λ. If zλ is an isolated point of Wλ, then there exists an open subset
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L of X such that L ∩ Wλ = {zλ}. Then, just like in Theorem 4.3, Fλ = (X \ Wλ) ∪ L
is a clopen neighbourhood of zλ because Fλ = (X \ Wλ) ∪ {zλ}. Then, by Lemma 4.2,
Uα+1 = Fλ ∩ Wα+1, α < λ, is a clopen base at zλ in X, hence χ(zλ,X) λ.
The implication (b)⇒(c) is obvious, while (c)⇒(a) follows from the fact that, in this
case, χ(p,X) = sa(p,X) γ = χ(p,Z) χ(p,X) because γ is a regular cardinal. 
The following is now an immediate consequence of (b) in Theorem 5.1.
Corollary 5.2. Let X be a selection pointwise-maximal space, p ∈ X be such that
χ(p,X) > ω, and let U be a neighbourhood of p. Then, U contains a point q such that
ω χ(q,X) < χ(p,X).
Involving Corollary 5.2, we get also the following further property of selection
pointwise-maximal spaces.
Corollary 5.3. Let X be a selection pointwise-maximal space. Then, the set
{x ∈ X: X is first countable at x}
is dense in X.
Proof. Let p ∈ X, U be in a neighbourhood of p, and let
λ(U) = min{χ(q,X): q ∈ U}.
It is clear that λ(U)  χ(p,X). Hence, λ(U)  ω provided χ(p,X)  ω. In case
χ(p,X) > ω, by Corollary 5.2, we get again that λ(U) ω. 
The above observation may have some interesting applications. For instance, we have
the following results about homogeneous spaces.
Corollary 5.4. For a homogeneous space X, which has a continuous selection for F(X),
the following conditions are equivalent:
(a) F(X) has a continuous p-maximal selection for some point p ∈ X.
(b) X is zero-dimensional and first countable.
Proof. Since X is homogeneous, (a) is equivalent to the statement that X is a selection
pointwise-maximal space. By the same reason, Corollary 5.3 and Theorem 1.1 complete
the proof. 
Corollary 5.5. Let X be a topological group which has a continuous selection for F(X).
Then, the following conditions are equivalent:
(a) X has a continuous p-maximal selection for some point p ∈ X.
(b) X is zero-dimensional and metrizable.
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Proof. Since every topological group is homogeneous, by Corollary 5.4, (a) is equivalent
to the statement that X is zero-dimensional and first countable. However, by the Birkhoff–
Kakutani theorem, every first countable topological group is metrizable which completes
the proof. 
The following partial case of a result of [2] was suggested by the referee of this paper,
its proof may have some independent interest.
Corollary 5.6. For an infinite compact topological group X the following conditions are
equivalent:
(a) F(X) has a Vietoris continuous selection.
(b) F(X) has a continuous p-maximal selection for some point p ∈ X.
(c) X is zero-dimensional and metrizable.
(d) X is homeomorphic to the Cantor set.
Proof. The implication (a)⇒(b) follows by a result of van Mill and Wattel [10]. Namely,
by this result, X must be orderable, i.e., the topology on X coincides with the open interval
topology generated by a linear order  on X. Then, f (F ) = min F , F ∈ F(X), defines
a continuous p-selection for F(X), where p = min X. The implication (b)⇒(c) follows
by Corollary 5.5. The implication (c)⇒(d) follows from the fact that every dense in itself
zero-dimensional compact metric space is homeomorphic to the Cantor set [3] (see, also,
[4]). Finally, for (d)⇒(a), merely define f (F ) = minF , F ∈F(C), where C is the Cantor
set. 
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